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Structural Order Parameter in the Pyrochlore Superconductor Cd2Re2O7
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It is shown that both structural phase transitions in Cd2Re2O7, which occur at Ts1 = 200 K
and Ts2 = 120 K, are due to an instability of the Re tetrahedral network with respect to the
same doubly degenerate long-wavelength phonon mode. The primary structural order parame-
ter transforms according to the irreducible representation Eu of the point group Oh. We argue
that the transition at Ts1 may be of second order, in accordance with experimental data. We
obtain the phase diagram in the space of phenomenological parameters and propose a thermo-
dynamic path that Cd2Re2O7 follows upon cooling. Couplings of the itinerant electronic system
and localized spin states in pyrochlores and spinels to atomic displacements are discussed.
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The pyrochlore structure with localized spins is a
well known example of a three-dimensional geometrically
frustrated system.1) Pyrochlore compounds with itiner-
ant electrons have also recently attracted much interest
due to the discovery of the first pyrochlore supercon-
ductor Cd2Re2O7.
2) Type-II superconductivity appears
below Tc=1.5 K.
2–5) In addition, Cd2Re2O7, an ideal
pyrochlore at room temperature (space group Fd3m)
exhibits two structural phase transitions, at Ts1=200
K and at Ts2=120 K. Both transitions are accompa-
nied by anomalous transport properties. The electrical
resistivity is weakly temperature dependent above 200
K, but shows a dramatic change in slope at Ts1, and
then continues to decrease down to the onset of super-
conductivity.2, 3, 6) Hall coefficient measurements reveal
that the conductivity is hole-like above Ts1 and electron-
like below Ts1.
7) Also, the magnetic susceptibility as
a function of temperature drops below Ts1.
2, 3, 8, 9) Re
nuclear quadrupole resonance experiments find no evi-
dence of magnetic order in the low temperature phases
of Cd2Re2O7.
10) The phase transition at Ts1 has been
shown to be of second-order and specific heat measure-
ments reveal a pronounced λ-type anomaly.11) Evidence
of a first-order phase transition at Ts2 has been observed
as a small but clear temperature hysteresis of electri-
cal resistivity.11) The transition is also accompanied by
small anomalies in the Hall coefficient and thermoelectric
power but there is no change in the susceptibility.7, 12)
The first x-ray diffraction study on Cd2Re2O7 led
to the conclusion that the space group symmetry for
T < Ts1 is F43m. But recent convergent-beam electron
diffraction13, 14) and x-ray diffraction experiments15) to-
gether with a Re NMR10) study clearly show that both
inversion and three-fold symmetry is broken in both low
temperature phases. Both phases are tetragonal and
most probably the space group for Ts2 < T < Ts1 (here-
after referred to as phase II) is I4m2, while that for
T < Ts2 (phase III) is I4122.
15)
In this Letter we present a group theoretical anal-
ysis of phonons in pyrochlores and closely related
spinels. We find that both structural phase transitions in
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Table I. Brillouin zone centered phonon modes in (a) the py-
rochlore Cd2Re2O(1)6O(2) and (b) a generic spinel compound
AB2O4. The numbers in columns (a) and (b) are the number of
atoms per fcc site.
(a) (b) Modes
4 Re, 4 Cd 4 B A2u + Eu + F2u + 2F1u
12 O(1) A1g +A2u + Eg + Eu + 2F1g + 3F2g
+3F1u + 2F2u
2 O(2) 2 A F2g + F1u
8 O A1g +A2u + Eg + Eu + F1g + 2F2g
+2F1u + F2u
Cd2Re2O7 originate from an instability of the pyrochlore
lattice with respect to the same long wavelength phonon
mode, which is doubly degenerate in the room tempera-
ture phase (phase I). The I-II transition may be of second
order despite the fact that I4m2 is not a maximal sub-
group of Fd3m. We model the phase transition sequence
using Landau theory. Finally, we discuss the possibility
of Jahn-Teller-like couplings of electronic band structure,
as well as localized spin states in pyrochlores and spinels,
to atomic displacements.
There is no multiplication of the pyrochlore primi-
tive cell in the low temperature phases of Cd2Re2O7,
15)
which implies that Brillouin zone-centered long-
wavelength phonons are crucial for the phase transitions
at Ts1 and Ts2. These phonons are most conveniently
classified according to the irreducible representations of
the point group Oh. Table I lists the long-wavelength
phonons of the atomic displacements in pyrochlores and
spinels. It is well established by x-ray studies that inver-
sion symmetry is broken in both phases II and III.6, 11, 15)
Therefore it follows that the structural phase transitions
are due to a lattice instability with respect to odd phonon
modes. Table II lists all low symmetry phases that can be
described by order parameters (OP) spanning odd repre-
sentations of Fd3m at the Γ point of the Brillouin zone.
We find in the following that both phases II and III are
described by the Eu OP, and there are no restrictions in
principle for both of the I-II and I-III phase transitions to
be of second order. On the other hand, the II-III phase
transition can be of first order only, since there is no
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Table II. Possible low-symmetry phases described by odd-parity
OP’s at Γ point of Brillouin zone. Phases accessible from Fd3m
by a single second-order phase transition are written in bold
typeset. Plain typeset indicates phases, which can be accessed by
a first-order phase transition or a sequence of phase transitions.
A1u F4132
A2u F43m
Eu I4m2, I4122, F222
F1u I41md,R3m, Ima2, Cm,Cc, P1
F2u I42d,R32, Ima2, C2, Cc, P1
group-subgroup relationship between symmetry groups
of these phases.
We denote the two components of the Eu OP as
(η1, η2) and consider the action of the Fd3m space group
operations on the space spanned by η1 and η2 (see Fig. 1).
The topology of this space coincides with the topology
of the plane point group C6v. There are two different
special symmetry positions of the vector (η1, η2), cor-
responding to the distorted phases: II, (0, η2) and III,
(η1, 0), with space groups I4m2 and I4122 respectively.
Each of these two positions have five counterparts, which
correspond to different domains. They are obtained by
successively applying six-fold rotations in the OP space.
The generic position of (η1, η2) corresponds to the F222
orthorhombic phase as shown in Table II.
In order to reveal the nature of the structural phase
transitions, we decompose explicitly atomic displace-
ments into irreducible representations. Fig. 2 shows
two adjacent tetrahedra formed by Re atoms, as well
as six oxygen atoms occuping the 48(f) Wyckoff po-
sition,16) which are the nearest neighbours of one of
the Re atoms. We enumerate the four non-equivalent
tetrahedral vertices, located at one fcc site as shown on
Fig. 2. The coordinates in the ideal pyrochlore structure
are (1/8, 1/8, 1/8), (1/8,−1/8,−1/8), (−1/8, 1/8,−1/8)
and (−1/8,−1/8, 1/8) for Re atoms m = 1, 2, 3 and 4
respectively. The components of the displacement of
the mth Re atom from its ideal position are denoted
(xm, ym, zm). Then
η1 = (X − Y )/
√
2,
η2 = (X + Y − 2Z)/
√
6,
(1)
whereX = (x1+x2−x3−x4)/2, Y = (y1−y2+y3−y4)/2
and Z = (z1 − z2 − z3 + z4)/2.
To obtain the complete picture of atomic displace-
ments in the ordered phases we also keep track of sec-
ondary OP’s, which are not critical but nevertheless be-
come finite in the distorted phases due to coupling to
the primary OP. In order to determine the representa-
tions corresponding to the secondary OP’s, we consider
the second and third symmetric powers of the primary
representation [Eu⊗Eu] = A1g⊕Eg and [Eu⊗Eu⊗Eu] =
A1u⊕A2u⊕Eu and find that A2u and Eg phonons (listed
in Table I) correspond to secondary OP’s (the breathing
mode A1g has been omitted). Of them, only A2u involves
Re atomic displacements. We denote the A2u normal co-
ordinate as φ and obtain
Fig. 1. The action of Fd3m space group symmetry operations on
the Eu order parameter space. Shown are 12 vectors obtained by
applying all the symmetry operations to a generic vector (η1, η2)
(shown dashed). The numbers in parentheses indicate symmetry
operations of the space group16) that transform the initial vector
to the corresponding positions. Every position is reached by four
symmetry operations, but except for the initial position, only one
of the four symmetry operations is given.
φ = (X + Y + Z)/
√
3. (2)
This mode couples to the the primary order parameter
through the invariant combination (η32 − 3η21η2)φ. Thus,
in the first approximation, in phase II, φ is proportional
to η32 , and in phase III φ is exactly zero. We have also
found the normal coordinates for the other Re modes
listed in Table I, which vanish exactly according to the
symmetry of phases II and III. The inverse transforma-
tion yields:
x1 = x2 = −x3 = −x4 = (
√
3η1 + η2 +
√
2φ)/
√
24
y1 = −y2 = y3 = −y4 = (−
√
3η1 + η2 +
√
2φ)/
√
24
−z1 = z2 = z3 = −z4 = (2η2 −
√
2φ)/
√
24.
(3)
It is worthwhile to note here the major difference be-
tween the tetrahedral network and a single tetrahedral
molecule.17) In the latter, the normal coordinate (2)
corresponds to the A1 breathing mode and, unlike in
crystals, may be omitted in most cases.
Thus we find that in phase II, x1 = y1 ≈ −z1/2 and
in phase III, x1 = −y1 and z1 = 0. The directions
of the displacements are shown in Fig. 2. They are in
complete accordance with the results of x-ray diffraction
studies.15) In particular, in phase II, the two adjacent
tetrahedra have different volumes, ∆V/V ≈ ±8η22, where
different signs should be taken for neighbouring tetrahe-
dra, and there are four different Re-Re bond lengths,
∆l1,2/l ≈ (±
√
2/3η2 + 3η
2
2) and ∆l3,4/l ≈ ±
√
8/3η2. In
phase III the volumes of the tetrahedra are the same and
there are three different Re-Re bond lengths, ∆l1,2/l ≈
(±√2η1 + η21) and ∆l3/l ≈ 4η21.
The Cd atoms in Cd2Re2O7 form a similar tetrahe-
dral network shifted with respect to the Re network by a
(1/2, 1/2, 1/2) translation. Thus the directions of the Cd
atomic displacements in the distorted phases are exactly
the same as those for Re atoms, although their absolute
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Fig. 2. Two adjacent tetrahedra formed by Re atoms (filled cir-
cles) in Cd2Re2O7. Also shown (empty circles) are six oxygen
atoms, which are the nearest neighbours of Re atom 1. Atoms re-
lated by an fcc translation are equilavent and are labelled by the
same number. Arrows indicate atomic displacements in phases
(a) I4m2 (phase II) and (b) I4122 (phase III).
values differ in general.
Similar considerations for the 12 oxygen O(1) atoms
located at one fcc site yield
x′1 = −x′10 = (
√
3η′1 − η′2 +
√
2φ′ + ξ′1 +
√
3ξ′2)/
√
24
x′4 = −x′7 = (
√
3η′1 − η′2 +
√
2φ′ − ξ′1 −
√
3ξ′2)/
√
24
y′2 = −y′11 = (−
√
3η′1 − η′2 +
√
2φ′ + ξ′1 −
√
3ξ′2)/
√
24
y′5 = −y′8 = (−
√
3η′1 − η′2 +
√
2φ′ − ξ′1 +
√
3ξ′2)/
√
24
z′3 = −z′12 = (2η′2 +
√
2φ′ − 2ξ′1)/
√
24
z′6 = −z′9 = (2η′2 +
√
2φ′ + 2ξ′1)/
√
24,
(4)
while all of the other components of the displacements
vanish. Fig. 2 shows six of the twelve oxygen atoms
with their displacements in phases II and III. The undis-
torted coordinates of atom 1 are (v, 0, 0), where the oxy-
gen structural parameter is v ≈ 0.192.7) The coordi-
nates of the nth atom n > 6 are obtained by adding
a (1/4, 1/4, 1/4) translation to the coordinates of atom
n − 6. By analogy with the normal coordinates of the
Re atoms, we denote the Eu and A2u modes by (η
′
1, η
′
2)
and φ′ respectively. We also introduce normal coordi-
nates for Eg (ξ
′
1, ξ
′
2) since this mode is present in O(1)
displacements (see Table I), which is a secondary OP,
coupled to the primary OP as (η21 − η22)ξ′1 − 2η1η2ξ′2. It
follows that ξ′2 = 0 and ξ
′
1 6= 0 in both phases II and III.
A Landau-type model with C6v topology was first
studied by Lifshitz,18) who considered a sixth-order ex-
pansion of the thermodynamic potential. Details of cal-
culations and general formalism can be found in.19, 20)
Here we briefly summarise the results and apply them
to Cd2Re2O7. Only even-order polynomial invariants
can be constructed from the OP components η1 and η2.
There is only one isotropic fourth-order term (η21 + η
2
2)
2,
which does not lift degeneracy of ordered states. The first
anisotropic term appears in sixth order, (η31 − 3η1η22)2,
but as is easily seen from the following, the sixth-order
model still fails to lift degeneracy between ordered phases
along the line of the II–III phase transition. Hence we
consider the eighth-order Landau expansion
F =a1(η
2
1 + η
2
2) + a2(η
2
1 + η
2
2)
2 + a3(η
2
1 + η
2
2)
3
+ b1(η
3
1 − 3η1η22)2 + a4(η21 + η22)4
+ c(η21 + η
2
2)(η
3
1 − 3η1η22)2.
(5)
Using standard minimization procedure, one finds that
when a1 = 0 a second-order phase transition from phase
I occurs to either phase II or III, depending on the sign
of b1. In Fig. 3 we plot phase diagrams in the a1b1 plane,
obtained for a2 > 0, a3 > 0, a4 > 0 and different signs
of c. Overall stability of the potential (5) requires that
a4 + c > 0. Contour plots of the potential as a function
of η1 and η2 in phases II and III are shown in Fig. 3(c)
and 3(d). One can clearly see for both phases six minima
corresponding to six tetragonal domains.
The potential minima for phase II exist up to the line
a1 = 2a2b1/c− 3a3(b1/c)2 + 4a4(b1/c)3, (6)
and for phase III
a1 = 2a2b1/c− 3a3(b1/c)2 + (4a4 + c)(b1/c)3. (7)
Equating potentials of phases II and III, we obtain the
line of the first-order II–III phase transition,
a1 = 2a2b1/c− 3a3(b1/c)2 + (4a4 + c/2)(b1/c)3. (8)
Fitting data about the I–II phase transition line from
high pressure resistivity experiments6) to a1 = 0, we ob-
tain a1 = α[T−200 K+P ·40 K/GPa], where P stands for
pressure and α is an undetermined parameter. There is
not enough data to determine unambiguously where the
II–III transition line is located in the P -T phase diagram.
However, we can speculate that the system follows, on
cooling, the path indicated by the arrow in Fig. 3(b). It
follows from Eqs. (6) and (7) that the width of the area
where two phases II and III coexist is of third order of
magnitude in distance from the triple point a1 = b1 = 0,
which is consistent with the smallness of temperature
hysteresis observed in resistivity mesaurements.11)
In an applied magnetic field H additional terms ap-
pear in the thermodynamic potential, resulting from
magnetization energy and coupling between the magne-
tization M and the structural OP
∆FM = γ(η
2
1 + η
2
2)M
2 +AM2 −MH , (9)
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Fig. 3. (a), (b) Phase diagrams of potential (5) for a2 = a3 = a4 =
1. (a) c = 0.5 > 0, (b) c = −0.5 < 0. Solid and dashed lines
are lines of first and second order phase tarnsitions respectively.
Dot-dasehd lines are metastability boundaries of phases II and
III. (c), (d) Contour plots of F (η1, η2) for the case (b) and a1 =
−2, (c) b1 = 0.5 (phase II), (d) b1 = −0.2 (phase III).
where we neglect higher-order terms of magnetic
anysotropy. Then the magnetic susceptibility is
χ−1 = χ−10 + 2γ(η
2
1 + η
2
2), (10)
where χ0 = (2A)
−1 is the susceptibility of the high sym-
metry phase. Assuming γ > 0, this expression accounts
for the susceptibility decrease observed in phases II and
III.
Thus we have obtained the full description of atomic
displacements occuring in Cd2Re2O7 at the structural
phase transitions at Ts1 and Ts2. The phenomenological
treatment presented in this Letter is in complete agree-
ment with experimental data available to date. On the
other hand, a detailed account of the intriguing trans-
port properties of this compound requires a considera-
tion of the underlying microscopic physics. Dramatic
changes in resistivity, thermoelectric power, Hall coeffi-
cient and magnetic susceptibility at the structural phase
transitions, point to the importance of coupling of itiner-
ant electrons to long-wavelength phonons. This fact sets
Cd2Re2O7 apart from other pyrochlores. For example,
the closely related compound Cd2Os2O7 demostrates a
metal-insulator transition near 225 K, accompanied by
no structural changes.21, 22) As we have shown, the dis-
placements of all Cd, Re and O(1) atoms include nor-
mal modes, which have the symmetry of the structural
OP. Recent band structure calculations for the ideal py-
rochlore phase23, 24) show that the transport properties of
Cd2Re2O7 are defined mostly by Re 5d electrons. There-
fore we conclude that Re displacements play major role
in the structural transitions and that the transitions oc-
cur due to instability of the Re tetrahedral sublattice
with respect to the phonon mode (1). In addition, a
gain in itinerant electronic energy due to a Jahn-Teller
effect may favour the phase transformations. In particu-
lar, spin-orbit coupling has been shown to be important
for band dispersion near the Fermi level.23, 24) This cou-
pling results in a complete lifting of spin degeneracy of
electronic levels at generic points of the Brillouin zone
below Ts1 due to loss of inversion symmetry.
25)
We would also like to comment on the coupling
of structural order parameters with spins in localized
spin systems in pyrochlores and spinels. Yamashita
and Ueda17) considered a single tetrahedron of spin-1
atoms and found that the degeneracy of spin states can
be lifted by a Jahn-Teller mechanism. It was possi-
ble due to presence in the Hamiltonian terms of type
(∂J/∂Qα)Qα (sisj)α, where J is the direct exchange
coupling between two tetrahedron vertices, Qα is a lin-
ear combinations of atomic displacements, correspond-
ing to normal modes, and (sisj)α stands for a symmetry
adopted bilinear combination of spin-1/2 operators lo-
cated at i and j vertices. Our analysis of phonon modes
in the lattice of corner-shared tetrahedra shows that sum
of two such terms for two adjacent tetrahera vanishes
since every vertex is a center of inversion I. This is be-
cause vertex located spins transform to equivalent spins
under inversion: Isi = si, i = 1, . . . , 4 and thus their
combinations are of even parity, while phonon modes of
vertex atoms are odd under inversion.
On the other hand, there are still three possibilities
of frustration removing due to spin-displacement cou-
pling: (i) Unlike tetrahedra-corner atoms, oxygen O(1)
displacements contain even phonon modes of Eg and
F1g symmetry (A1g is trivial breathing mode). We de-
note the normal coordinate corresponding to one of these
modes by Q1. Then the following coupling is possi-
ble: (∂J1/∂Q1)Q1(sisj), where J1 is the superexchange
coupling via nearest-neighbouring oxygen atoms. (ii)
The structural displacements or the spins are spatially
modulated (non-zero wave vector), so that translations
of the fcc lattice are not preserved. (iii) Spin states
couple to quadratic a form of the tetrahedral displace-
ments and play the role of secondary order parameters
(∂2J/∂Qm∂Qn)QmQn(sisj). In this case, spin ordering
may be driven by structural distortions but the mecha-
nism cannot be classified as Jahn-Teller.
In summary, we have shown that the structural phase
transitions in Cd2Re2O7 at 200 K and 120 K can both
be described by a single, two-component OP, which is
the displacements of Re atoms transforming according
to the representation Eu of the point group Oh. We
have also considered all secondary OP’s, which can cou-
ple to the primary OP. A Landau model with terms up
to eighth order in the displacements is proposed in order
to account for both phase transitions and the resulting
phenomenology is in good agreement with experiments.
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